Exact black hole solutions with non-linear electrodynamic field by Yu, Shuang & Gao, Changjun
ar
X
iv
:1
90
7.
00
51
5v
1 
 [g
r-q
c] 
 1 
Ju
l 2
01
9
Exact black hole solutions with non-linear electrodynamic field
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We construct exact black hole solutions to Einstein gravity with nonlinear electrodynamic field.
In these solutions, there are in general four parameters. They are physical mass, electric charge,
cosmological constant and the coupling constant. Due to the presence of coupling constant, these
solutions differ significantly from the Reissner-Nordstrom-de Sitter solution in Einstein-Maxwell
gravity with a cosmological constant. In the first place, some of them are endowed with a topological
defect on angle θ. Secondly, for the extreme charged black holes, the electric charge can be much
larger or much smaller than the mass by varying the coupling constant. Thirdly, for very large
coupling constant, the radius of event horizon for some black holes approaches 2M regardless of the
electric charge. Lastly, some black holes are asymptotically neither flat nor de Sitter (or anti-de
Sitter).
PACS numbers: 04.70.Bw, 04.20.Jb, 04.40.-b, 11.27.+d
I. INTRODUCTION
The nonlinear electrodynamics is firstly proposed by
Born and Infield in 1934 in order that the self-energy of
a point-like charge [1, 2] is finite . Afterwards, there were
not many studies on nonlinear electromagnetic fields.
Until the 1980s, it is found that the effective action for
the open string ending on D-branes can exactly be writ-
ten in the nonlinear form [3–5]. These huge discoveries
make people aggrandize the devotion to study nonlinear
electrodynamics in the aspect of cosmology by a long way
[6–29]. It is then found that if the early universe is dom-
inated by the nonlinear electromagnetic field, the initial
Big-Bang singularity can be avoided. Not only that, a
period of inflation of the universe can subsequently be
achieved. Furthermore, with the help of AdS/CFT cor-
respondence [30], the nonlinear electrodynamics string
approach has been applied to obtain solutions describ-
ing baryon configurations. Even more interesting than
these findings, are that nonlinear electromagnetic fields
can play the role of cosmic dark energy.
On the other hand, from the point of view of black hole
theory, it is interesting to seek for the exact solutions
of Einstein gravity plus nonlinear electromagnetic field.
The reason is that these solutions may help to understand
the physical relevance of nonlinear effects in strong gravi-
tational and strong electromagnetic fields. In this aspect,
some solutions of charged black holes and black branes
[31–50], magnetic black holes and magnetic branes [51–
53] have been found. Except for in general relativity, the
solutions in higher derivative gravity with nonlinear elec-
tromagnetic fields have also been studied in the literature
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[54–58]. It is found that not only the Big-Bang singular-
ity but also the black hole singularity can be avoided by
using the non-linear electromagnetic field. Correspond-
ingly, some regular black hole solutions without singular-
ities are obtained [59–70]. As for the black hole horizons,
the Kerr-Newman-de Sitter spacetime has at most three
horizons, the inner horizon, the event horizon and the
cosmic horizon. By taking account of non-linear electro-
magnetic field, one can construct black hole spacetime
with as many horizons as desired [75–79]. However, the
method adopted in some researches, for example [75–79]
is questionable.
According to the conventional method, one always
start from the Lagrangian of the Einstein gravity to-
gether with the nonlinear electromagnetic field. Given
the Lagrangian, then the equations of motion are de-
rived. By solving the equations of motion, we obtain the
solution for the metric field and the electric field. The in-
tegration constants in the solution are conserved quanti-
ties and they are understood as the physical mass, electric
charge and so on. However, in the preceding researches,
one assumes the metric initially and then solves for the
electromagnetic field and the Lagrangian function. This
is an upside-down method. Following this method, the
constants assumed in the metric would inevitably present
in the Lagrangian. This makes the Lagrangian very ugly.
More seriously, beginning from the derived Lagrangian,
one would inevitably obtain different solutions from the
initial assumed ones because of the presence of integra-
tion constants.
Thus the purpose of this paper is to construct exact
black hole solutions for Einstein gravity with nonlinear
electrodynamic field by using the conventional method.
In order to find the exact solutions, we have examined
several Lagrangians. In this paper we shall present six
exact solutions. In these solutions, there are in gen-
eral four parameters. They are physical mass, electric
2charge, cosmological constant and the coupling constant.
The physical mass and electric charge take their place
as integration constants. Due to the presence of cou-
pling constant, these solutions differ significantly from
the Reissner-Nordstrom-de Sitter solution in Einstein-
Maxwell gravity with a cosmological constant. For ex-
ample, some black holes are endowed with a topological
defect on angle; the electric charge of extreme black holes
can not be equal to the mass; the black hole spacetime
can be asymptotically neither flat nor de Sitter (or anti-
de Sitter).
The paper is organized as follows. In Sec. II, we de-
rive the equations of motion in the theories of nonlinear
electrodynamics. In Sec. III, we present six black hole
spacetimes and give an analysis on their causal struc-
ture. Then Sec. IV gives the conclusion and discus-
sion. Throughout this paper, we adopt the system of
units in which G = c = ~ = 1 and the metric signature
(−, +, +, +).
II. EQUATIONS OF MOTION
The action of nonlinear electrodynamic theories which
are minimally coupled to gravity is
S =
1
16pi
∫ √−g [R+K (ψ)] d4x , (1)
with
ψ = FµνF
µν , Fµν = ∇µAν −∇νAµ . (2)
Here R is the Ricci scalar and Aµ is the Maxwell field.
K(ψ) is the function of ψ. The variation of the action
with respect to the metric gives the Einstein equations
Gµν = −2K,ψFµλFλν +
1
2
gµνK , K,ψ ≡ dK
dψ
. (3)
The variation of the action with respect to the field Aµ
gives the generalized Maxwell equations
∇µ (K,ψFµν) = 0 . (4)
In the background of static and spherically symmetric
spacetime which can always be parameterized as
ds2 = −U (r) dt2 + 1
U (r)
dr2 + f (r)
2
dΩ2
2
. (5)
Here dΩ2
2
= dθ2 + sin2 θdφ2. Due to the spacetime is
static and spherically symmetric, the non-vanishing com-
ponent of Maxwell field Aµ is uniquely to be
A0 = φ (r) , (6)
and ψ is
ψ = −2φ′2 , (7)
by resorting to a gauge transformation of Aµ → Aµ +
∇µχ. Then we obtain the Einstein equations and the
generalized Maxwell equation
−U
′
f
′
f
− 2Uf
′′
f
+
1
f2
− Uf
′
2
f2
= 2K,ψφ
′
2 +
1
2
K , (8)
−U
′
f
′
f
+
1
f2
− Uf
′
2
f2
= 2K,ψφ
′
2 +
1
2
K , (9)
U
′
f
′
f
+
Uf
′′
f
+
1
2
U
′′
= −1
2
K , (10)
(
f2K,ψφ
′
)′
= 0 . (11)
The prime denotes the derivative with respect to r.
Eqs. (8-10) come from G0
0
= ρ, G1
1
= pr and G
2
2
= pθ,
respectively. Eq. (11) is the equation of motion for the
Maxwell field and it gives the definition of the electric
charge,
Q ≡ f2K,ψφ
′
. (12)
Due to the Bianchi identities, only three of the four
equations are independent. So we have only three un-
known functions among U , f , φ and K. As usual, we
assume the expressions of K(ψ) initially. Then we are
left with three unknown functions, U , f and φ and the
system of equations are closed.
In the next, we present 6 exact black hole solutions by
investigating 6 different expressions of K(ψ). Before the
presentation, we observe the difference of Eq. (8) and
Eq. (9) which gives
f
′′
= 0 . (13)
Thus we obtain the physical solution for f ,
f = r . (14)
Therefore, the metric of a static and spherically symmet-
ric spacetime with the source of nonlinear electrodynamic
field is
ds2 = −U (r) dt2 + 1
U (r)
dr2 + r2dΩ22 . (15)
The horizons of the spacetime are located at
U = 0 . (16)
III. BLACK HOLE SOLUTIONS
In this section, we derive 6 exact black hole solutions.
1. K = −2
√
2α
√
−ψ + ψ + 2Λ
In this Lagrangian, α is a coupling constant and it has
the dimension of inverse of some length, La. In order that
3the α term can be safely neglected in the scale Le which
is experimentally interested, we should have Le ≪ La.
Since ψ is negative because of Eq. (7), there is a minus
under the square root. When α = 0, it reduces to the
Maxwell term ψ plus the cosmological constant term 2Λ.
We find the solution is given by
φ = −αr − Q
r
, (17)
U = 1− 2M
r
+
Q2
r2
− 1
3
r2Λ− 1
3
r2α2 + 2Qα . (18)
Here M and Q are the black hole mass and charge, re-
spectively. In the case of vanishing α, it is nothing but
the Reissner-Nordstrom-de Sitter solution. If α 6= 0, two
terms − 1
3
r2α2 and 2Qα arise in the metric. But since
Le ≪ La, the two terms can be safely neglected. The
r2α2 term makes the spacetime asymptotically de Sit-
ter provided that Λ = 0 and 2Qα ≪ 1. On the other
hand, the presence of term 2Qα endows the spacetime a
topological defect. In order to understand this point, let
Λ = −α2 and r → ∞, then the spacetime is asymptoti-
cally
ds2 = − (1 + 2Qα) dt2 + 1
1 + 2Qα
dr2 + r2dΩ2 .(19)
Rescale t, r, θ, φ, we find the metric can be written as
ds2 = −dt2 + dr2 + r2 [dθ2 + sin2 (ωθ) dφ2] , (20)
with
ω =
1√
1 + 2αQ
. (21)
Thus the three dimensional space is endowed with a topo-
logical defect on angle θ. We note that, in general, one
always have 2αQ≪ 1.
Same as the Reissner-Nordstrom-de Sitter solution, the
spacetime has at most three horizons. One is the de Sitter
horizon and the others are the outer event horizon and
the inner Cauchy horizon, respectively.
2. K = ψ − 1
3
α
√
2(−ψ)(3/2) + 2Λ
In this Lagrangian, α has the dimension of length, La.
In order that the α term can be safely neglected in the
scale Le which is experimentally interested, we should
have Le ≫ La. This is different from the first solution
where Le ≪ La. When α = 0, it reduces to the Maxwell
theory ψ plus the cosmological constant term 2Λ.
We find the solution is given by
U = 1− 2M
r
− 1
3
Λr2 +
r2
18α2
+
Q
α
− 1
18
(
r2 + 4αQ
) 3
2
rα2
− 2
3
Q
√
r2 + 4αQ
rα
+
4Q2
3r
√
αQ
ln
(
8αQ+ 4
√
αQ
√
r2 + 4αQ
r
)
,(22)
φ =
Q√
αQ
ln
(
8αQ+ 4
√
αQ
√
r2 + 4αQ
r
)
+
√
r2 + 4αQ
2α
− r
2α
. (23)
The expression of U tells us α should have the same sign
with the electric charge in order that the square root is
always meaningful. Expanding the solution in the series
of r, we obtain
U = 1− 2M
r
+
Q2
r2
− 1
3
Λr2 +
2
3
Q2 ln (16αQ)√
αQr
−2αQ
3
9r4
+
α2Q4
5r6
− 2α
3Q5
7r8
+O
(
1
r10
)
. (24)
Since Le ≫ La, the α terms can be dropped compared to
other terms. Thus it restores to the Reissner-Nordstrom-
de Sitter solution. For small α, U can be written as
U = 1− 2M
r
+
Q2
r2
− 1
3
Λr2 − 2M
′
r
. (25)
with
M
′ ≡ −1
3
Q2 ln (16αQ)√
αQ
. (26)
So the effect of a small coupling constant α amounts to
an effective mass. Then we have Q = M +M
′
for the
extreme black hole. This means the electric charge Q
can be much larger than the black hole mass M for the
extreme black hole in the absence of Λ. To show this
point more clearly, we plot the U−r relation in Fig. (1) by
using Eq. (22). In Fig. (1), we plot the U−r relation with
different electric charges Q = 1.92, 1.76, 1.6, 1.44 from up
to down. It shows that with the increasing of electric
charge Q, the outer event horizon shrinks while the inner
Cauchy horizon expands. When Q = 1.76, it becomes
an extreme black hole. If Q > 1.76, we have a naked
singularity. We let M = 1, Λ = 0 and α = 0.03 here.
In the case of small α, there is in general two horizons
in this spacetime (with Λ = 0). One is the outer event
horizon and the other is the inner Cauchy horizon. This is
the same as the Reissner-Nordstrom spacetime. However,
if α is not very small, the situation is interesting. As
an example, in Fig. 2, we plot the U − r relation with
different coupling constants α = 0.7, 0.8, 0.9, 1.0 from up
to down. From the figure, we see that with the decreasing
of coupling constant α, the outer event horizon shrinks
while the inner Cauchy horizon expands. When α = 0.8,
it becomes an extreme black hole. If α < 0.8, we have a
naked singularity. We put M = 1 and Q = 0.65 in this
situation. We note that the black hole can be extreme
for Q = 0.65 which is smaller than the black hole mass
M .
In all, the electric charge Q of the extreme black hole
can be much larger or much smaller than the black hole
mass M . The exact values of charge Q depends on the
coupling constant α.
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FIG. 1: The U − r relation with different electric charges
Q = 1.92, 1.76, 1.6, 1.44 from up to down. It shows that with
the increasing of electric charge Q, the outer event horizon
shrinks while the inner Cauchy horizon expands. When Q =
1.76, is an extreme black hole. If Q > 1.76, we have a naked
singularity. We have put M = 1 and α = 0.03.
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FIG. 2: The U − r relation with different coupling constants
α = 0.7, 0.8, 0.9, 1.0 from up to down. It shows that with the
decreasing of coupling constant α, the outer event horizon
shrinks while the inner Cauchy horizon expands. When α =
0.8, is an extreme black hole. If α < 0.8, we have a naked
singularity. We have put M = 1 and Q = 0.65.
3. K = ψ − 1
4
αψ2 + 2Λ
Here α has the dimension of square of length, La. If
Le ≫ La, the α term can be neglected. This is different
from the first solution where Le ≪ La.
We find the solution is given by
φ =
12
1
3
6α
∫ (γ 23 − 12 13αr2)
rγ
1
3
dr , (27)
U = 1− 2M
r
− 1
3
Λr2 − 1
9
r2
α
− 3
2
3Q
2αr
∫ (
α2rΓ
) 1
3
γ
1
3 r
dr
+
18
1
3
3r
∫
r
(
Γ− αr5)
γ
4
3
dr
+
3
2
3
3r
∫
r4
(
α2rΓ
) 1
3
γ
4
3
dr , (28)
where
γ ≡
(
9Q+
√
3
√
4r4 + 27Q2α
α
)
α2r ,
Γ ≡ 3Qγ + 2αr5 . (29)
The expression of γ tells us α should be positive in order
that the square root makes sense. U is rather involved.
So we expand it in the series of r,
U = 1− 2M
r
+
Q2
r2
− 1
3
Λr2 − αQ
4
10r6
+
α2Q6
9r10
− 3α
3Q8
13r14
+O
(
1
r18
)
. (30)
We see the solution restores to the Reissner-Nordstrom-
de Sitter solution when α = 0. Furthermore, it is
asymptotically flat when Λ = 0. In Fig. (3), by fix-
ing M = 1,Λ = 0 and Q = 0.9999, we plot the
U − r relation with different coupling constants α =
0, 0.002, 0.008, 0.014, 0.02 from up to down. The figure
shows, with the increasing of coupling constant α, the
inner Cauchy horizon shrinks while the outer event hori-
zon expands. Thus the presence of coupling constant is
equivalent to the decreasing of electric charge of Reissner-
Nordstrom black hole.
4. K = ψ + 2α ln(−ψ) + 2Λ
Here α has the dimension of inverse of length squared,
La. If Le ≪ La, the α term can be neglected. This is
the same as the first solution.
We obtain the solution as follows
φ =
∫
Q+
√
Q2 + 4r4α
2r2
dr , (31)
U(r) = 1− 2M
r
− 1
3
r2Λ +
Q2
2r2
+
1
3
r2α
+
1
3
r2α ln 2− Q
2r
∫ √
Q2 + 4r4α
r2
dr
−2α
r
∫
r2 ln
|Q+
√
Q2 + 4r4α|
r2
dr , (32)
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FIG. 3: The U − r relation with different coupling constants
α = 0, 0.002, 0.008, 0.014, 0.02 from up to down. It shows that
with the increasing of coupling constant α, the outer event
horizon expands while the inner Cauchy horizon shrinks. We
have put M = 1 and Q = 0.9999.
where the plus and minus in ± correspond to the positive
and the negative charge Q, respectively. It is apparent α
should be positive in order that the square root is always
meaningful. When α = 0, the solution restores to the
Reissner-Nordstrom-de Sitter solution. In order to see
the behavior of U clearly when α 6= 0, we expand U in
the series of r,
U =
[
1
3
α− 1
3
α (ln 2 + lnα)− 1
3
Λ
]
r2 + 1− 2√αQ
−2M
r
+
Q2
2r2
+
Q3
36
√
αr4
− O
(
1
r8
)
. (33)
For simplicity, let Λ = 0. Then we conclude that when
α >
e
2
, (34)
the spacetime is asymptotically de Sitter. There are gen-
erally two horizons in this spacetime. One of them is the
black hole event horizon and the other is the de Sitter
horizon. On the other hand, when
0 < α <
e
2
, (35)
it is asymptotically anti-de Sitter. In this case, there
leaves only one black hole event horizon. Finally, when
α =
e
2
, (36)
it is asymptotically flat but with a topological defect on
angle θ. For this spacetime, there is only one black hole
event horizon provided that
0 ≤ |Q| ≤ 1√
2e
. (37)
If
|Q| > 1√
2e
, (38)
there would be no horizon and the spacelike singularity
is naked.
5. K = − 2
α2
eα
√−ψ + 2Λ
Here α has the dimension of length. Expanding K in
the series of ψ, we have
K = 2Λ− 2
α2
− 2
α
√
−ψ + ψ + 1
3
αψ
√
−ψ +O (ψ2) .(39)
The second term is the closest equivalent to a minus cos-
mological constant. The fourth term is the Maxwell one.
Since ψ scales approximately in general
ψ ∼ − 1
r2
, (40)
we expect the Maxwell term is dominant in some domain
of r. Thus the Einstein-Maxwell theory is produced.
We obtain the solution as follows
φ =
√
2r
4α
[ln 2 + 2 ln |αQ|+ 4− 4 ln r] , (41)
U(r) =
√
2Q
2α
[4 ln r − ln 2− 2 ln |αQ| − 2]
+1− 2M
r
− 1
3
Λr2 . (42)
We are interested in the case of Λ = 0. Without the
loss of generality, we consider only the situation of posi-
tive charge, Q > 0. We find when α < 0, there are two
horizons, namely, the black hole event horizon and the
cosmic-like apparent horizon. When α ≥ 0, there is only
one black hole event horizon. In Fig. (4), by putting
M = 1, we plot the variation of black hole event hori-
zon with respect to the coupling constant α for different
charges, Q = 2.4, 2.0, 1.6, 1.2, 0.8 from up to down. It
shows that with the increasing of coupling constant α,
the event horizon first increases and then it shrinks. In
the end, it approaches the Schwarzschild radius 2M re-
gardless of the value of charge Q. Similarly, in Fig. (5)
by putting M = 1, we plot the variation of black hole
event horizon with respect to the charge Q for different
coupling constants, α = 1.0, 0.8, 0.6, 0.4, 0.2 from up to
down. It shows that with the increasing of charge Q,
the event horizon first decreases and then it increases.
On the contrary, with the decreasing of charge Q, the
event horizon approaches the Schwarzschild radius 2M
irrespective of the coupling constants. This is consistent
with Fig. (4).
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FIG. 4: The variation of black hole event horizon with re-
spect to the coupling constant α for different charges, Q =
2.4, 2.0, 1.6, 1.2, 0.8 from up to down. It shows that with the
increasing of coupling constant α, the event horizon first in-
creases and then it shrinks. In the end, it approaches the
Schwarzschild radius 2M regardless of the value of charge Q.
We have put M = 1.
6. K = − 1
α
e−αψ + 2Λ
Here α has the dimension of square of length. Expand-
ing K in series of ψ, we have
K = − 1
α
+ 2Λ + ψ − α
2
ψ2 +
1
6
α2ψ3 +O
(
ψ4
)
. (43)
The third term ψ is just the Maxwell one.
We obtain the solution as follows
φ =
∫
1
2
√
ζ
α
dr , (44)
U = 1− 2M
r
− 1
3
r2Λ
− Q
αr
∫ √
αζdr +
Q
αr
∫ √
α
ζ
dr , (45)
ζ ≡ LambertW
(
4αQ2
r4
)
. (46)
Taking into account the definition of LambertW function
and the domain of r, we must require α ≥ 0.
In order to understand the relation between U and r
more clearly, we expand U in the series of r. Then we
obtain
U =
(
1
6α
− 1
3
Λ
)
r2 + 1− 2M
r
+
Q2
r2
− αQ
4
5r6
+
10α2Q6
27r10
− 49α
3Q8
39r14
+O
(
r−18
)
. (47)
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FIG. 5: The variation of black hole event horizon with re-
spect to the charge Q for different coupling constants, α =
1.0, 0.8, 0.6, 0.4, 0.2 from up to down. It shows that with the
increasing of charge Q, the event horizon first decreases and
then it increases. On the other hand, with the decreasing of
charge Q, the event horizon approaches the Schwarzschild ra-
dius 2M irrespective of the coupling constants. We have put
M = 1.
It is apparent when
Λ 6= 1
2α
, (48)
the spacetime is asymptotically either de Sitter or anti-de
Sitter. On the other hand, when
Λ =
1
2α
, (49)
the spacetime is asymptotically flat. In this case, we
find in general there are two horizons in this spacetime,
namely, the outer black hole event horizon and the inner
Cauchy horizon. In Fig. (6), by fixing M = 1 and Q =
0.5, we plot the U − r relation with different coupling
constants α = 2, 4, 6, 8, 10 from left to right. From the
figure, we can see that with the increasing of coupling
constant α, the inner Cauchy horizon expands while the
outer event horizon gradually shrinks. When α = 8,
the two horizons coincide and the black hole becomes
the extreme one. Subsequently, for α > 8, the horizons
disappear and a naked singularity is present. We note
that due to the effect of coupling constant α, the black
hole can be extreme even if Q < M . This is different from
the extreme Reissner-Nordstrom black hole where Q =
M . In Fig. (7), by fixing M = 1 and α = 1, we plot the
U − r relation with different charge Q = 1, 0.88, 0.7, 0.6
from up to down. The figure shows, with the increasing
of charge Q, the inner Cauchy horizon expands and the
outer event horizon shrinks. When Q = 0.88, the two
horizons coincide and the black hole becomes the extreme
7one. When Q > 0.88, the two horizons disappear and the
naked singularity is present.
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FIG. 6: The U − r relation with different coupling constants
α = 2, 4, 6, 8, 10 from left to right. It shows that with the in-
creasing of coupling constant α, the inner Cauchy horizon ex-
pands while the outer event horizon gradually shrinks. When
α = 8, the two horizons coincide and the black hole becomes
the extreme one. We have put M = 1 and Q = 0.5.
IV. CONCLUSION AND DISCUSSION
In conclusion, we have obtained six exact black hole
solutions by using the traditional method. Although
these solutions can restore to the well-known Reissner-
Nordstrom-de Sitter solution when they are expanded in
the series of r, they have many different properties from
the later. In the first place, some of them are endowed
with a topological defect on angle θ. In other words, the
spacetime is not asymptotically Minkowski spacetime.
Secondly, for the extreme charged black holes, the elec-
tric charge can be much larger or much smaller than the
mass by varying the coupling constants. Thirdly, for very
large coupling constant, the radius of event horizon for
some black holes approaches 2M regardless of the elec-
tric charge. This means the effect of electromagnetic field
is negligible for large coupling constant. Fourthly, some
black holes are asymptotically neither flat nor de Sit-
ter (or anti-de Sitter). Actually, they are asymptotically
ln r (see Eq. (42) when Λ = 0). Taken into account the
weak field limit, the corresponding strength of gravita-
tional field is ∼ Q
αr
. Then the rotation curves of galaxies
might be interpreted by using this solution. Finally, the
thermodynamics, the gravitational waves as well as other
issues of these black holes are not investigated. Bearing
in mind these aspects, we plan to carry out the research
elsewhere.
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r
FIG. 7: The U—r relation with different charge Q =
1, 0.88, 0.7, 0.6 from up to down. It shows that with the in-
creasing of charge Q, the inner Cauchy horizon expands and
the outer event horizon shrinks. When Q = 0.88, the two
horizons coincide and the black hole becomes the extreme.
When Q > 0.88, the two horizons disappear and the naked
singularity is present. We have put M = 1 and α = 1.
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